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KOHE4HbIE PAClIlHPEHH5I f AJI~'A BHYTPEHHEfO 

KOMtv\YTATHBHOfO KOJIbUA B 3J1ElvlEHTAPI-IOM T0I10CE 


~nrE'.'l,CTaBJleHO 'IMHO:ll-KoppeCnOH,.'I.eHTO:ll AKa)l,e'vlfrH X. H. I1HacaplliJ,3c 17.11.1983) 

C rrpHMeHenneM KOHCTPYKll,HH 4 e U 3 a H C B H ,n; Jl epa [1] B Ka TC

ropllli BHYTpeHHlfx KOMMYTaTlIBHbIX R-aJIre6p (R [l[IYTpeHHee KOM:V1Y

"TaTllBHOe KOJIbll,O) B 3.11eMeHTapHoM Tonoce ,n;aCTCH oHpe)J,eJIeI-llIc KOnel.!

HorD paCUJHpeHHH fa.1ya KOJIbll,3 R. ,UoKa3bIBaeTCn, IITC! B CjIYlJae CBH3HO

TO KOJILll,a 3TO onpe)J,e.1eHlle H 01Ipe)J,e.1eHHe 1l0pMa.r!hIl0I"0 paCUlIfpeHH51 

Ta,1ya KOJlhll,a R B CMblCJle B a p p a [2] ~KBHBaJleHTHbl. 

BBe,neM CJIeJJ.YIOI..ll,Hf 0603HaqeHlul: E -3JIeMeHTapHbIi"r Tonoc C 06'beKTOM 

Ha-t-ypa.1bHbIX qUCM; I--TepMHHaJIbHbIU 06'beKT Tonoca E; F--=-rpYHKfOP 113 Ka

TeroplUl KOHeqIiblX MHO)KeCTB B Tonoce E, KOTOPhIH. OlIpe)J,eJIHeTCH TaK: 

F{n)=lIl; R-BHYTpeHee KOMMYTaTHBHoe KOJIbll,O B Tonoce E. ECJIH A II B 
n 

5lBJIHIOTC51 BHYTpeHHbIMH R-aJIre6paMH, TO qepe3 A® B 0603HaQaeTCH HX TeH
R 

30pHoe npOH3Be)J,eHHe [3]. 
HanoMHHM HeOKOJIbKO 01Ipe,,1,e.1eHHl1 H3 r1]. B KaTeropHH C KDHeqHbl

M>i lIpoH3Be,J,eHllHMH H KoypaBHlne.1HMH t)6'heKT X H33bIHaeTC5I CTporHM, 

CUll! <PYHKTOP xx - OTpa)!{aCT 1I30MOP<PH3Mbl II Ha3blB3nCH KOlIJ10CKHM, 

eCJIH X X - COXpaH5IeT KOHJJ.PO. 

PaccMoTpHM KaTeropHlo A, KOTDpaq JJ.BolicTBeHl-Ia KareropHll BHYT

PCHHIiX KOMMYTaTHBHbIX R-aJIre6p. IloCKOJIbKY IJ KaTeI'OpHH BHyTpeHHHX 

KOMMYT31 HBHblX R-aJlre6p cYllI,ecmYIOT ypabmlTeJIH H TeH30pHoe npOH3

BeneHHe 3aJ,aeT KOlIpOH3'BeJI.eHH51 r31, TO A HB.1HeTCH KaTeropHeH CKO

ypaBHllTe.lHMH H KOHClJHbIMH npOH3iBe)J,eHHll'MH. 

AHaJI0rHQHO CJIY'i3IO TOlloca MHO)!{CTB [I] )J,OKa3blBaeTCH CJICJJ.YlOllI,aH 

.il e 1\1 Mal. KOM;\-tYTaTHBHaH R-aJIre6pa A 5IBJIHCTCH CTPOrHM H KD

nJIOCKHM 06beKTOM B KaTeropHH A TOI')J,a H TO.i!bKO Tor)1,a, KOr,Ll,a A 51BJIH

.eTCH CTporo nJIOCKHM R-MonYJleM. 

IlycTb G-KOHeQHa51 rpYlIna (B 06bIQHOM CMbICJIe). 0603HaQHM 3KCHO

lIeHll,HaJI RF (G) Qepe3 GR. IlocKo.1bKY F HBJIlieTCH TOQHbIM <PYHKTOPOM 121, 
TO MO)KHO paCCMaTpHBaTb GR KaK rpynlIY B KaTeropHH A

B ~ fO}i CllTyaUHH BBe)J,eM 

o n p e)1, e JI e H He 1. BY)J,eM rOBopHTb, QTO KOMMYTaTHBHaH R-aJIre6pa 

A HBJI51eTCH KOHeQHblM paClIJHpeHlfeM faJIya Ko.lhll,a R C rpynH0I1 faJlya G, 

CLllH A HBJIHeTCH KOlIJIOCKHM GR-06'beKTOM faJIya B KaTeropHII A (11. 

IlycTb R 5lB.1HeTCH CBH3HbIM KOJIbl~OM. 

o H p e)1, e JIe H H e 2. (Bapp [2]). BY)1,eM rOBopIHb, QTO KOMMYTaTIIBHaH 

R-aJIrc6pa A 5!BJIHerCH paCillHpeHHeM fa.1Y3 KOJIbll,a R, eCJIH CYlUeCTByeT Ta

3. ,,0(,")08°0", 6. 135, N, 2, bJVo~o II, 1989 
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KOH R-npoo6pa3ylOlll,Ht'i S [2J, liTO JVIfl HeKOTOpOro HaTypaJIbHOrO lIHCJI3 rt. 

HMeeTCH S-aJIre6pHbIM: H30MOPIPIf3M: . A ® S;:::;;S". 
R 

OTMCTlJM, liTO eCJJH A HBJI5IeTC5I pacHlHpeHHeM [aJlya KOJli:>l1a l? a 
CMblC.TIe onpe.ll.CJIeHll5I 2 B Tonoce MHmKeCTB, TOr.ll.a A -- cTporo cenapa

6CJlbHa5I R-aJIre6pa, KOTOpa5I 5IB.'15IeTC5I paclllHpcHlleM [aJlya KO.lbua R 
B 01h1C.i1C pa60TbI [4] TOr.ll.a H TOJIbKO TOfil,a, KOr.ll.a A - HopMa:lbHoe pac

lUHpCHlIe KOJIbua R. fIO::HOMY HIDKe 6Y.ll.eM paccMaTplmaTb ,111Wb HOp' 

M3JIbHble paCWllpeHlUI [aJIya B CMbICJIe Bappa [2]. 

ECJIH A 5lBJIHeTCH HOpMaJIbHbIM KOHellHbIM p3cwHpeHlleM KOJJbua R B 

CMblUle onpe.ll.E'JICHHH 2, TO B CHJIY 4.6 H3 [5 J cYlll,eCTByeT .ll.B3 R-roMoMop

IPH3Ma fl' f2: A-+AAu/(A) (Aut(A)-rpynna Bcex R-aBTm,10pIPH3MoB aJIre6pbI A), 
Y.ll.OBJIeTBOpfllll,HX COOTHoweHlUIM: 

1) rcil= 1, 2) 1t~f2 g Jl,J1S1 Bcex g EAut(A), KOTopble llH.ll.YUIlPYIOT R
H30MOPIPH3M A @ A~AAut(A). 

R 

TaK KaK Aut(A)- KOHellHa}l rpynna [5 J, TO MO}KHO paCCMaTpHBaTb 

Aut(A) 
F(Aut(A». HMeeTC5I R-H30MOPIPH3,M h: A--+A@(Aut(A)R), KOTOPblti nOJIy

R 
lIaeTC5I H3 BbIweYKa3aHHoro H30MopIPH3Ma. PaCCMOTpHM KOMn03HUHIO 

hf2: A_A@(Aut(A)R). YlIHTbIBa5I yc.'IOBHe 2), HenocpeJl,CTBeHHO npOBeplleTCfl, 
R 

liTO napa (A, hf2) 5IBJI5Ie1C5I Aut(A)R-06beKToM B KaTeropHH A [II. naJIee, B 

CHJlY onpeJl,eneHH5I 2 CYlll,eCTByeT TaKOH R-npo06pa3YIOlll,HH S, liTO ,VIH HeKO

Toporo HaTypaJlbHoro lIHCJra n HMeeTC5I S-H30MOPIPH3M A@s;:::;;sn. 01'cIOJI,a 11 
R 

nOJIYlIaeTCfl, liTO A 5lB.'I5IeTCH crporo nJIOCKHM R-MOJl,YJIeM, 1'. e. CTpormI If 

KOnJIOCKHM 06beK1'OM B KaTeropHH A. fI09TOMY A 5IBJl5IeTCH Kon.'IOCI{HM 

Aut(A)R-06beKToM [aJIya B KaTeropmr ~, CJIeJl,OBaTeJIbHO, KOHClIHblM pacam_ 

peBlR'M [aJlya KOJlbUa R C rpynnoH [aJIya Aut(A) B CMbICJle onpeJl,e.TJeUIIll I. 
TaKHM o6pa30M, .ll.OKa3bIBaeTCH 

Teo p e Mal. nycmb A fl6/lflemCfl HopMaAbHblM pacwupeHueM C8fl3HO

eo ICOAbl{a R 8 CMblC.Ile onpeiJeAeHufl 2. TudJa A flBARemCfl KOHeltHbiM pacwu

pmueM Ta/lya KO/lbl{a R 8 CMblCAe onpeiJeAeHufl 1. 
HH.lKe 6Y.ll.e:v! IIOJlb30BaTbCH cTaHJI,apTHblMH 0603HaqeHH5It.fll 113 TCUPl!ll 

TonOCOB (CM. [6] ). 

J1 e M M a 2. nycn A }IBJIHE'TC5I KOHellHbIM pacumpeHHeM [aJIya KO.'lbua 

R B CMbICJIe onpeJl,e.'1eHHR 1. TOfJl,a B Tonoce E cYlll,eC1ByeT TaKoH o6beKT Y 
C r JI06aJIbHbIM HOCHTeJIe~, QTO B Tonoce E/Y y* A 5IBJIHeTC5I y*R-npo06pa3y

IOlll,Hl\1. 

fIyCTb (Ai)--KOHeQHQe ce.Mei~CTBO R-aJlre6p. EY.ll.eM rOBopllTb, QTO (Ai) 
HBJI51eTCH R-nOKpbIBalOlll,HM ceMelkTBoM, eCJII1 B Tonoce!!. cyrqeCTByeT TaKOM: 

06beKT Y C r.l06aJIbHbIM HOCHTe.'ICM, lifO B Tonoce ElY y* (fI AJ 5lBll5IeTCH 

y*R-npoo6pa3ylOlll,HM. 

nJl5I JI10601! KO.MMYT3THBHOH R-aJIre6pbl S B KalleCTBe S-noKpbIBalOlll,erO 

ceMefJCTBO B03bMeM ceMeflCTBO BHJI,a (A/@S), r.ll.c(A i )- R-nOKpbJBalOiuee ce
R 

MetkTBO. nOKa3blBaeTC5I,' liTO TaK nOJIYllaeTC5I npeJ(TonOJIOrH5I rpOTeHJ].HKa [6 J 

http:EY.ll.eM
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HB KaTeropHH A. 0603HaliHM liepe3 1: TOnOJIOrHIO rpoTeaAHKa Ha KaTeropHH 

A, KOTopafl nopO)!(AaeTC51 BblllleOnpeAeJICHHoti npeATOnOJIomeiL 

J1e MM a 3. napa (A, 't) HBJIHeTCH TOliHhlM C,iJeBa CHTYCOM [2J. 
OTMeTHM, 'iTO eCJIH A HBJIHeTCH KOHe'iHbIM paClllHpeHHeM raJIya KOJIbua 

R B CMbICJIe OnpeAeJIeHHH I, TO MOlKHO AOKa3bIBaTb, 'iTO A~n Ai H (.4,) YlB

JIHeTCH R-noKpbIBalOlUCM ceMcI~cTBOM. 

OnpCAeJIeHHe 3. TIYC'fb A- BHYTpeHHaH KOMMYTanIBHa5l R-aJ1l'c6pa. 

EYAeM rOBopHTb, liTO A HBJIHeTCH CTporo cenapa60JIhHoH R-aJIre6pofr, eCJIH 

CYlUecTByeT TaKoe R-noKpbIBaIOlUee cCMe!kTBO (A,), liTO AJHI HCKOToporo Ha

1ypaJIbHOrO liHCJIB n H AJIH Bcex i HMeeTC51 SraJIre6pHblii H30MOP<FH3M 

A®S,~Si· 
R 

.n e M M a 4. TIYCTb R HBJHleTCH CBH3HblM KOJIbIJ,OM. TorAa KaTerOpml: 

cTporo cenapa6eJlbHbiX R-aJIre6p HBJIHeTCH Ka reropHdi LlJIya [61, B IJacr

HOCTH, 3JleMeHTapHblM TonOCOM. 

Tonoc Bcex paclllHpeHHH ra.'lya KOJIbua R B CMbICJ1C onpeAe.1JeHHH 2 
HBJIfJeTC.fI nOJIHbIM no,n;TonOCOM Tonoca cTporo ccnapa6eJIbHblX R-aJIre6p. Jlo

Ka3bIBaeTC51, liTO <FYHKTOP BJIOIKE:'HHH OOJIa,n;aeT KBK JIeBblM, TaK H npaBbIM 

conpmKeHHbIM <FYHKTOpOM. OTCIO,n;a nOJIyqaeTCH, lITO eCJIH A HBJIHeTCH KOHelI

HblM paclllHpeHHeM KOJIoua R B CMbICJIE:' onpe,n;eJIeHHfr 1, TO CYlUeCTByeT Ta

KOH R-npooopaayIOlUHll, S, lITO MHOIKeCTBO R-aJlre6pHbIX rOMOMOP<FH3MOB H3 

A B S He nyCTO. ECJIH npHMCHHM 2.1 H3 [21, TO nOJIYlIaeM, lITO A®S ~ sn 
R 

AJI}! HeKOToporo HaTypaJIbHOrO liHCJIa n. KpoMe Toro, eC.1JH A HBJIHel CH pac

lllHpeHHeM rOJIya KOJlbua R B CMbICJIe onpe,n;eJIeHHH 1, TO CYlUecTByeT Hao

MOP<pH3M A®A~An, a 3TO 03HaIJaeT, IJTO A--HOpMaJIbHOe paClllHpeHHe KOJIb-
R . 

ua R H, CJIe,n;OBaTeJIbHO, HBJIHeTCH HOpMaJIbHblM paClimpeHHeM raJIya KO.1Jbua 

R B CMbICJIe onpeAeJIeHHf! 2. 
TaKHM 06pa30M, HaKOHelJ" no.'IYlIaeTCf! C.1JeAYIOluaH 

Teo p e M a 2. [Jycmb R ~8AflemCJl CBR3HblM KOAbl{0M. Tozoa onpeoe
JleHUe I U onpeOeJleHUe HopMallbHozo pacUJ.upeHUfI, FaAya 8 CMblCJle Eappa [2} 
3K6uealleHmHbl. 

AKa,n:eMHQ naYK fPPHHCKOH CCP 

TOHJ1HCCKHii MaTeManlllecKHH HHCTHT}T 


11M. A. M. P!l3Ma,n:3e 


(DoCTyrrHJ1Q 8.12.l988) 
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M. A THEMA TICS 

B. N. MESABLISHVILI 

FINITE GALOIS EXTENSIONS OF A CONNECTED INTERNAL 

RING IN AN ELEMENTARY TOPOS 


Summary 

The notion of a normal Galois extension of an internal connected com
mutative ring in an elementary tapas (with a natural number object) intra· 
duced by M. Barr 12] is equivalent to a particular case of the Galois ob· 
ject notion in the category introduced by S. U. Chase [1]. 

~06J6:>06';.']6:>0 J1HTEPATYPA REFERENCES 

I. 	S. U. C has e, M. E. S wee die r. Hopf algebras and Galois theory.-Lect. 

Noles in Math., 1969, v. 97. 


2. M. 	 Bar r. J. Pure Appl. Algebra, 25, 1982, 227-247. 

3. D. 	Howe. J. Pure App]. Algebra, 21, 1-81, 161-166. 

4. S. 	 U. C has e et al. Mem. AMS, 52, 1965, 15-33. 

5. M. Bar r. J. Pure App]. Algebra, 19, 1980, 21-42. 

6..P. Jl)/{ 0 II C T 0 H. TeoplllI TonoeOB. 1'1'1., 1986. 


------.-.--..-- ...~.. 


